
INTERNATIONAL JOURNAL OF MATHEMATICS, STATISTICS AND OPERATIONS RESEARCH

VOL NO. 6, ISSUE 1, PAGE NO.# YEAR 2026

Two-sample tests for sparse functional data

YANG, Qingyue and WANG, Lihonga

a School of Mathematics, Nanjing University, Nanjing, China

ARTICLE HISTORY

Compiled March 28, 2026

ABSTRACT
In this article, we consider the two-sample testing for sparse functional data, which
is widely used in functional data analysis and longitudinal data analysis. Due to
irregular observations and small sample sizes, the testing problem for sparse func-
tional data is challenging and complicated. We propose several non-parametric test-
ing methods using Cramér-von Mises test statistics and Energy statistics based on
conditional functional principal component analysis. The numerical simulation re-
sults show that the developed procedures have good performance in controlling two
types of errors. Finally, empirical analysis is conducted on the two-sample tests for
a carbon monoxide concentration dataset.
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Preamble

Functional data analysis (FDA) is a central topic of modern statistical science and
has been receiving growing attention from both researchers and practitioners. The ap-
plications of FDA across various industries are numerous, from environmental science,
finance, food science, to neuromedicine, see, e.g., King et al. [8], Peltier et al. [12],
Tian et al. [18], and Yu et al. [22].

Functional data can be categorized into dense and sparse designs based on measure-
ment density. Most existing research has focused on dense data, where observing time
points per subject are densely and regularly distributed, allowing smooth curves to be
easily obtained through parametric methods. However, sparse functional data involves
only limited amount of irregularly-spaced measurements for each subject. This type
of data arises frequently in many real world applications, particularly in longitudinal
studies.

The two-sample testing is a fundamental problem in FDA. For two-sample test
of dense functional data, Benko et al. [3] decomposed the two-sample distribution
test into tests for the mean function, characteristic function, and eigenvalues based on
principal component analysis. Corain et al. [5] employed permutation and combination-
based tests and time-to-time analysis. Fan and Lin [6] proposed the adaptive Neyman
test and the wavelet thresholding tests for comparing two sets of curves. Hall and
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Keilegom [7] extended the Cramér-von Mises tests from the multivariate case to the
functional case, directly computing the empirical distribution function for smoothed
functional curves and using the bootstrap method to determine critical values. Krzyśko
and Smaga [9] used Energy statistics for conformity of distributions based on a basis
function representation of functional data. However, these approaches for dense data
are not directly applicable to sparse data.

Regarding the study of sparse data, Ma et al. [10] presented simultaneous confidence
bands for the mean function in sparse functional data via a piecewise-constant spline
smoothing approach. Müller [11] provided a comprehensive overview on sparse data
analysis. Pomann et al. [14] extended the traditional two-sample Anderson-Darling test
statistic to sparse functional data by using marginal functional principal component
analysis. Staicu et al. [16] introduced a global pseudo likelihood ratio test which can
be applied to test of the mean function in sparsely observed functional data. Wang [19]
developed a two-sample test for detecting difference among mean functions for sparse
and irregularly-observed data based on the conditional principal component analysis.
Yao et al. [21] proposed the conditional principal component analysis method for
estimating the functional principal component score, mean function, and covariance
function. In this article, we further study the two-sample testing problem for sparse
functional data and focus on testing the null hypothesis that two samples of curves
with sparse and irregular observations have the same underlying distribution.

Assume that X1(·) and X2(·) are independent square-integrable random processes
defined on T , where T is a compact interval. Suppose we have observed independent
samples {X1i(·)}n1

i=1 and {X2i(·)}n2

i=1 from two populations X1(·) and X2(·), respec-
tively, among which the i-th sample has Nri observations Xrij at possibly irregular
time points {Trij}1≤i≤nr,1≤j≤Nri

for r = 1, 2, and the grid of points for each subject is
sparse, i.e. N1i and N2i are as small as few observations.

For the two-sample inference problem, the primary focus is to compare the distri-
butions of the two samples, i.e., testing the following hypothesis:

H0 : X1(·)
d
= X2(·) ←→ HA : X1(·)

d
̸= X2(·). (1)

The detailed testing procedures are introduced in the next section. In section 2,
numerical simulations and empirical analysis are provided to compare the proposed
two-sample tests for sparse functional data. The simulation results demonstrate the
good performance of the proposed methods in identifying the difference between the
two populations.

1. Two-sample testing for sparse data

Let the sample sizes n1 and n2 tend to infinity, with lim
n1,n2→∞

n1/(n1+n2) = p ∈ (0, 1).

Denote by X(t) the mixture process of X1(t) and X2(t), taking values X1(t) and X2(t)
with probabilities p and 1−p, respectively. Let µ(t) be the mean function of X(t) and
G(s, t) the covariance function. By Mercer’s theorem, G(s, t) =

∑
k≥1 λkϕk(s)ϕk(t),

where {ϕk(·), k = 1, 2, · · · ,∞} are the eigenfunctions of G(s, t) forming an or-
thonormal basis of L2(T ), corresponding to the non-increasing eigenvalue sequence
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{λk, k = 1, 2, · · · ,∞} . It follows from the Karhunen-Loéve (K-L) expansion that
X(t) = µ(t) +

∑∞
k=1 ξkϕk(t), where ξk =

∫
T (X(t) − µ(t))ϕk(t)dt are the func-

tional principal component (FPC) scores, which are random variables with mean
0 and covariance λk. Truncating the infinite series in the K-L expansion yields
XK(t) = µ(t) +

∑K
k=1 ξkϕk(t). Then XK(t) converges uniformly to X(t) in the L2

norm as K → ∞.
Define

XK
1 (t) = µ(t) +

K∑
k=1

ξ1kϕk(t), XK
2 (t) = µ(t) +

K∑
k=1

ξ2kϕk(t),

where

ξ1k =

∫

T
(X1(t)− µ(t))ϕk(t)dt, ξ2k =

∫

T
(X2(t)− µ(t))ϕk(t)dt. (2)

Obviously, XK
1 (t) and XK

2 (t) converge to X1(t) and X2(t) as K → ∞, respectively.
Let ξr· = (ξr1, ξr2, · · · , ξrK)T , r = 1, 2. Then testing (1) is asymptotically equivalent
to a multi-dimensional two-sample testing

HK
0 : ξ1·

d
= ξ2· ←→ HK

A : ξ1·
d
̸= ξ2·. (3)

In order to choose the number K of eigenfunctions that provide a reasonable ap-
proximation to the infinite-dimensional process, one may adapt AIC type criteria or
use the cross-validation score based on the one-curve-leave-out prediction error. The
details can be found in Section 2.5 of Yao et al. [21].

Given random subjects {X1i(·)}n1

i=1 and {X2i(·)}n2

i=1, by (2), the FPC scores ξ1ik and
ξ2ik for two samples are defined as

ξ1ik =

∫

T
(X1i(t)− µ(t))ϕk(t)dt, ξ2ik =

∫

T
(X2i(t)− µ(t))ϕk(t)dt. (4)

As discussed in Yao et al. [21], for dense functional data, the FPC scores in (4)
have traditionally been estimated by numerical integration which works well when the
density of the grid of measurements for each subject is sufficiently large. However,
for sparse functional data, this method will not provide reasonable approximations to
FPC scores, for example when one has only two observations per subject. Therefore,
Yao et al. [21] developed the Principal Components Analysis through Conditional
Expectation (PACE) method to estimate the FPC scores.

In order to obtain the consistent estimators of the FPC scores, we consider the
pooled sample {(T1ij , X1ij), j = 1, · · · , N1i}n1

i=1

⋃
{(T2ij , X2ij), j = 1, · · · , N2i}n2

i=1,
where {(Tij , Yij), j = 1, · · · , Ni}ni=1 are the generic functional observations in the
pooled set. The measurements {Yij , j = 1, · · · , Ni} are viewed as the observations of
the samples {Yi(t)}ni=1 of the mixture process X(t) at time points {Tij , j = 1, · · · , Ni}
and are contaminated with errors. Specifically, the observation model is given by

Yij = Yi(Tij) + ϵij ,

where {ϵij} are independent and identically distributed (i.i.d.) noises with mean 0 and
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variance σ2, and are assumed to be independent of X(t).
First, we review the local linear scatterplot smoother for µ(t), which can be obtained

from the entire data ensemble by minimizing

n∑
i=1

Ni∑
j=1

κ1

(
Tij − t

hµ

){
Yij − β0 − β1(Tij − t)

}2
(5)

with respect to β0, β1. The estimate of µ(t) is then µ̂(t) = β̂0(t). In a similar way, the
local linear surface smoother for G(s, t) is defined by minimizing

n∑
i=1

∑
1≤j ̸=l≤Ni

κ2

(
Tij − s

hG
,
Til − t

hG

){
ε̂ij ε̂il − β0 − β11(Tij − s)− β12(Til − t)

}2
(6)

with regard to β0, β11, β12, where ε̂ij = Yij − µ̂(Tij), κ1, κ2 are nonnegative univariate
and bivariate kernel functions, and hµ, hG are bandwidths. This yields the estimate

Ĝ(s, t) = β̂0(s, t).
Then, as described in Rice and Silverman [15], the estimates of eigenfunctions and

eigenvalues obtained from (5) and (6) correspond to the solutions ϕ̂k and λ̂k of the
eigen-equations

∫

T
Ĝ(s, t)ϕ̂k(s)ds = λ̂kϕ̂k(t).

Let Y i = (Yi1, Yi2, · · · , YiNi
)T . Denote the covariance matrix of Y i as Gi, where its

(j, l) entry is (Gi)j,l = G(Tij , Til)+σ2δjl with δjl = 1 if j = l and 0 if j ̸= l. (Gi)j,j can

be estimated by (̂Gi)j,j = Ĝ(Tij , Tij)+ σ̂2, where σ̂2 can be obtained using the method

introduced in Section 2.2 of Yao et al. [21]. One can also estimate (Gi)j,j directly by

local linear smoother, i.e., (̂Gi)j,j = â1(Tij), where

(â1, b̂1) = argmin
a1,b1

n∑
i=1

Ni∑
j=1

κ1

(
Tij − t

h′G

){
ε̂2ij − a1 − b1 (Tij − t)

}2
.

Let Xri = (Xri1, Xri2, · · · , XriNri
)T , µ̂ri = (µ̂(Tri1), µ̂(Tri2), · · · , µ̂(TriNri

))T ,

ϕ̂rik = (ϕ̂k(Tri1), ϕ̂k(Tri2), ..., ϕ̂k(TriNri
))T , r = 1, 2. Using PACE method based on

the best linear prediction as in Yao et al. [21], the consistent estimators of the FPC
scores are obtained by

ξ̂rik = λ̂kϕ̂
T

rikĜ
−1
i (Xri − µ̂ri). (7)

Based on the estimated FPC scores in (7), we introduce six test statistics for the

hypothesis testing (3). Let ξ̂ri· = (ξ̂ri1, ξ̂ri2, ..., ξ̂riK)T , i = 1, 2, · · · , nr, r = 1, 2. Let

F̂r(x) be the estimator of the empirical distribution function of ξr· obtained from

the “samples” {ξ̂ri·}nr

i=1. Denote F̂ (x) = 1
n{n1F̂1(x) + n2F̂2(x)} the mixed empirical

distribution function.
Three Cramer-von Mises type of test statistics (see, e.g. Anderson[1], Pettitt[13],
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Watson[20]) are defined as

W 2 =
n1n2

n2

2∑
r=1

nr∑
i=1

(F̂1(ξ̂ri·)− F̂2(ξ̂ri·))
2,

AD2 =
n1n2

n2

2∑
r=1

nr∑
i=1

(F̂1(ξ̂ri·)− F̂2(ξ̂ri·))
2

F̂ (ξ̂ri·)(1− F̂ (ξ̂ri·))
,

U2 =
n1n2

n2

2∑
r=1

nr∑
i=1

{
F̂1(ξ̂ri·)− F̂2(ξ̂ri·)−

1

n

2∑
r=1

nr∑
i=1

(F̂1(ξ̂ri·)− F̂2(ξ̂ri·))
}2

.

Under the null hypothesis, the test statistics should be close to 0. Therefore, when
the statistic is greater than the upper α quantile (i.e., the critical value), the null
hypothesis is rejected. The exact null distributions of W 2, AD2 and U2 are difficult to
determine, an appropriate approximation is needed. One can use permutation tests or
bootstrap procedures to approximate the finite sample p-values at a given significance
level α.

Next we construct three test statistics using Energy statistics introduced in Aslan
and Zech[2], Chen et al. [4], and Székely and Rizzo [17]. Denote ∥ · ∥ the Euclidean
norm. The Energy test statistics are defined as

Esr =
2

n1n2

n1∑
i=1

n2∑
j=1

∥ξ̂1i· − ξ̂2j·∥ −
1

n2
1

n1∑
i,j=1

∥ξ̂1i· − ξ̂1j·∥ −
1

n2
2

n2∑
i,j=1

∥ξ̂2i· − ξ̂2j·∥,

Eaz =
2

n1n2

n1∑
i=1

n2∑
j=1

log ∥ξ̂1i· − ξ̂2j·∥ −
1

n2
1

n1∑
i,j=1

log ∥ξ̂1i· − ξ̂1j·∥ −
1

n2
2

n2∑
i,j=1

log ∥ξ̂2i· − ξ̂2j·∥,

Eexp =
1

n2
1

n1∑
i,j=1

e−∥ξ̂1i·−ξ̂1j·∥ +
1

n2
2

n2∑
i,j=1

e−∥ξ̂2i·−ξ̂2j·∥ − 2

n1n2

n1∑
i=1

n2∑
j=1

e−∥ξ̂1i·−ξ̂2j·∥.

Again, to obtain the critical values or p values of the tests at a given significance
level, one can use permutation tests to approximate the null distribution through
shuffling procedures. Note that Energy test statistics measure the distance between
two characteristic functions and have rotational invariance, while Cramér-von Mises
test statistics compute the distance between distribution functions and do not have
the property of rotational invariance. This makes Energy statistics more adaptable
in the multi-dimensional testing problems. We will compare the performance of these
statistics via simulations in next section.

2. Numerical simulations and empirical studies

In this section, we evaluate the performance of the proposed approaches via simulation.
We also apply the proposed test for an empirical analysis of the carbon monoxide
concentration data in an Italian city. All computations are performed using Matlab
R2024a.
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2.1. Numerical simulations

In this subsection we conduct simulation studies to illustrate and compare the effec-
tiveness of the proposed six test statistics. Specifically, we generate samples of size
(n1, n2) = (50, 50), (50, 100), (100, 100), (100, 150), respectively, as follows.

Xrij = µr(Trij) +

K∑
k=1

ξrikϕrk(Trij) + ϵrij , i = 1, ..., nr, j = 1, · · · , Nri, r = 1, 2, (8)

where the errors ϵrij are i.i.d. from N(0, 1), Trij follow a uniform distribution on
[0, 10] with Nri from a discrete uniform distribution on [2, 10], ξrik are independently
sampled from N (0, λk) with λk chosen from a discrete uniform distribution on [5, 15].
For eigenfunctions ϕrk, we use three types of basis functions: Fourier basis, B-Spline
basis and Polynomial basis. We set K = 3, 5 and the significance level α = 0.05. For
the smoothing steps, univariate and bivariate Epanechnikov kernel functions are used.
The number of eigenfunctions in each simulation run is chosen by the AIC criterion
and the criterion based on the percentage of the cumulative explained variance (90%).

We consider five types of setting:
1 (null hypothesis). µ1(t) = µ2(t) = 0.
2 (different means). µ1(t) = ln(t), µ2(t) = ln(t) + δt, where δ = 0.1, 0.2, · · · , 1.
3 (different variances). µ1(t) = µ2(t) = 0, ξrik are independently sampled from

N (0, λrk) with λ1k = 1 + k and λ2k = λ1k + δ, where δ = 1, 2, · · · , 9.
4 (continuous process and mean shift). Data are generated by Brownian motion, i.e.,

data process satisfies dX(t) = µ(t)dt+ σ̃dW (t). We set σ̃ = 0.3, µ1(t) = 0, µ2(t) = δ,
where δ = 0, 0.02, · · · , 0.08, and randomly select 2 to 10 points from each subject to
generate sparse data.

5 (continuous process and variance shift). Data are generated by Brownian motion.
We set µ1(t) = µ2(t) = 0, σ̃1 = 0.3, σ̃2 = 0.3 + δ, where δ = 0, 0.1, · · · , 0.4, and
randomly select 2 to 10 points from each subject to generate sparse data.

Now we report the comparison of the performance of six tests W 2 (KS), AD2 (AD),
U2 (Watson), Esr (Energy(sr)), Eaz (Energy(az)) and Eexp (Energy(exp)). Table 1
summarises the simulation results obtained for setting 1 with three types of basis
functions and different values of n1, n2 and K, when the null hypothesis holds. The
empirical size is approximated by an average over 1000 simulation runs for each sce-
nario. Table 2 compares the mean squared error (MSE) between the empirical size and
the nominal significance level.

Tables 1 and 2 reveal that, the empirical sizes of all test statistics are relatively stable
around 0.05, except for the Energy statistic Eexp, which exhibits several empirical size
values much smaller than α = 0.05 in the case of Polynomial basis. Overall, all test
statistics are not sensitive to the choice of the type of basis functions, the number of
eigenfunctions and sample size. From Table 2, it can be seen that the Energy statistic
Esr has best performance, followed by the Cramér-von Mises test statistic AD2.

Next, we consider the alternative hypothesis. In a similar fashion, the computation
results under setting 2 are presented in Table 3. Figure 1 depicts the empirical powers
of six test statistics using Fourier basis with n1 = n2 = 100 for different δ values,
respectively.

The simulation results in Table 3 and Figure 1 indicate that the Energy statistics
Esr and Eaz outperform the other tests, especially Esr, which shows the highest powers
in all cases. Among the Cramér-von Mises test statistics, AD2 statistic performs the
best, but still lower than Esr and Eaz. The performance of Energy statistics Eexp is
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Table 1. The empirical sizes for various scenarios under setting 1

Sample size (n1, n2)=(50,50) (n1, n2)=(50,100) (n1, n2)=(100,100) (n1, n2)=(100,150)

K 3 5 3 5 3 5 3 5

Basis Fourier

KS 0.042 0.043 0.042 0.045 0.046 0.049 0.050 0.048
AD 0.049 0.040 0.045 0.039 0.055 0.062 0.057 0.050
Watson 0.049 0.042 0.050 0.056 0.046 0.044 0.045 0.060
Energy(sr) 0.045 0.055 0.050 0.045 0.054 0.053 0.054 0.043
Energy(az) 0.046 0.046 0.045 0.041 0.052 0.053 0.049 0.038
Energy(exp) 0.051 0.044 0.046 0.046 0.054 0.044 0.048 0.053

Basis B-spline

KS 0.044 0.040 0.031 0.035 0.049 0.040 0.053 0.056
AD 0.063 0.046 0.044 0.041 0.055 0.048 0.051 0.060
Watson 0.046 0.030 0.043 0.036 0.055 0.056 0.055 0.051
Energy(sr) 0.064 0.047 0.042 0.041 0.048 0.045 0.047 0.051
Energy(az) 0.069 0.037 0.049 0.034 0.046 0.053 0.053 0.049
Energy(exp) 0.046 0.048 0.054 0.048 0.047 0.044 0.053 0.058

Basis Polynomial

KS 0.037 0.049 0.056 0.063 0.062 0.057 0.046 0.047
AD 0.045 0.059 0.048 0.056 0.052 0.050 0.046 0.043
Watson 0.044 0.052 0.061 0.071 0.058 0.053 0.048 0.057
Energy(sr) 0.044 0.060 0.045 0.059 0.051 0.051 0.044 0.046
Energy(az) 0.043 0.066 0.056 0.069 0.056 0.050 0.045 0.045
Energy(exp) 0.053 0.016 0.056 0.040 0.036 0.023 0.042 0.042

the worst. The reason is that in exponential form, the value of the statistic becomes
very small under negative exponentiation even if the distance between two samples is
very large, resulting in poor testing performance.

Furthermore, the simulation results under setting 3 are displayed in Table 4 and
Figure 2 which exhibit the empirical powers of six test statistics using Fourier basis
with n1 = n2 = 100 for different δ, respectively. It can be seen that the Energy statistic
Eaz is the most powerful among the six statistics, followed by the Cramér-von Mises
statistic U2. In addition, statistics Esr and AD2 also have satisfactory performance,
while the statistics W 2 and Eexp have relatively low powers especially for small δ.

Generally speaking, the above simulation evidence suggests that Energy statistics
Esr and Eaz should be a good choice for two-sample testing of functional sparse data.
The test statistic AD2 is also quite powerful and is worth recommending.

Regarding setting 4, comparing results in Table 5 and Figure 3, we find that the three
Energy statistics perform better than Cramér-von Mises statistics, among them Esr

has the best performance under the alternative hypothesis. In addition, the statistic

7
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Table 2. MSEs of the empirical sizes under setting 1

Fourier B-spline Polynomial Overall

KS 2.23E-04 8.68E-04 5.93E-04 1.68E-03
AD 4.65E-04 4.32E-04 2.15E-04 1.11E-03
Watson 2.78E-04 7.48E-04 7.28E-04 1.75E-03
Energy(sr) 1.65E-04 3.89E-04 2.96E-04 8.50E-04
Energy(az) 2.96E-04 8.22E-04 7.88E-04 1.91E-03
Energy(exp) 1.34E-04 1.58E-04 2.35E-03 2.65E-03

Table 3. The empirical powers of six test statistics for different δ values under setting 2

δ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

KS 5.1% 13.2% 30.1% 48.0% 72.9% 91.0% 96.8% 99.5% 100.0% 100.0%

AD 8.9% 15.1% 36.4% 60.6% 85.4% 97.1% 99.0% 100.0% 100.0% 100.0%

Watson 4.4% 6.6% 15.5% 22.7% 42.0% 63.3% 81.1% 91.5% 97.7% 99.6%

Energy(sr) 9.5% 23.2% 50.7% 75.9% 93.6% 98.8% 100.0% 100.0% 100.0% 100.0%

Energy(az) 7.9% 21.0% 43.0% 68.1% 88.9% 97.6% 99.5% 100.0% 100.0% 100.0%

Energy(exp) 5.3% 4.3% 5.2% 6.0% 9.3% 9.7% 11.3% 13.0% 17.7% 21.8%

Table 4. The empirical powers of six test statistics for different δ values under setting 3

δ 1 2 3 4 5 6 7 8 9

KS 5.7% 9.8% 17.0% 27.6% 42.7% 59.8% 72.0% 83.7% 90.7%

AD 7.6% 16.6% 30.9% 55.3% 80.6% 92.8% 97.7% 99.8% 100.0%

Watson 10.9% 40.6% 76.9% 94.0% 98.9% 100.0% 100.0% 100.0% 100.0%

Energy(sr) 8.9% 26.6% 65.4% 92.2% 99.1% 100.0% 100.0% 100.0% 100.0%

Energy(az) 12.8% 50.9% 89.7% 99.4% 99.9% 100.0% 100.0% 100.0% 100.0%

Energy(exp) 8.0% 19.7% 37.1% 54.0% 73.0% 83.8% 88.8% 93.7% 96.6%

8
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Figure 1. The empirical powers of six test statistics for different δ values under setting 2

Figure 2. The empirical powers of six test statistics for different δ values under setting 3

AD2 outperforms the other two Cramér-von Mises statistics for δ ≥ 0.04, while the
statistic U2 performs the worst. However, when the null hypothesis holds or for very
small δ, the performance of the statistics U2, Eaz and Eexp is superior to the other
three statistics. In Figure 3, we can see more clearly the performance of each statistic.

Moreover, Table 6 and Figure 4 show that the statistic U2 performs the best under
setting 5. Eaz and Eexp have similar performance and are second only to U2. The
performance of Esr and AD2 is also very similar with satisfactory powers, while the
statistic W 2 performs the worst.

Overall, the ranking of the six statistics is summarized in Table 7 based on the
simulations conducted under settings 2-5 where the null hypothesis does not hold. One
can conclude that the Energy statistics Esr and Eaz have good performance in various
situations. Next isAD2, which shows a moderate level of testing performance compared
to the other statistics. The statistic W 2 performs poorly in almost all scenarios. The
performance of Eexp is unstable with low powers in discrete cases, but performs well

9
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under continuous settings. The statistic U2 also has obvious characteristics: it has
better performance in detecting difference in variances, especially for Brownian motion
setting, while it is insensitive to difference in means.

Table 5. The empirical powers of six test statistics for different δ values under setting 4

δ 0 0.02 0.04 0.06 0.08

KS 1.5% 1.8% 19.4% 81.0% 99.4%
AD 1.9% 2.2% 30.5% 98.7% 100.0%
Watson 5.9% 6.4% 11.5% 37.9% 80.9%
Energy(sr) 0.4% 4.2% 91.7% 100.0% 100.0%
Energy(az) 3.9% 7.2% 57.6% 99.8% 100.0%
Energy(exp) 4.1% 7.1% 51.9% 99.5% 100.0%

Table 6. The empirical powers of six test statistics for different δ values under setting 5

δ 0 0.1 0.2 0.3 0.4

KS 1.5% 7.9% 32.7% 72.7% 94.1%
AD 1.9% 13.7% 65.4% 97.6% 99.9%
Watson 5.9% 57.9% 97.5% 99.9% 100.0%
Energy(sr) 0.4% 15.9% 68.6% 95.5% 99.8%
Energy(az) 3.9% 29.9% 85.7% 98.8% 100.0%
Energy(exp) 4.1% 31.0% 85.6% 98.7% 100.0%

Table 7. Summary of the performance of six statistics

Settings Data generation The empirical powers: from the highest (left) to the lowest (right)

2, 4 Fourier Basis Energy(sr) Energy(az) AD KS Watson Energy(exp)

Brownian Motion Energy(sr) Energy(az) Energy(exp) AD KS Watson

3, 5 Fourier Basis Energy(az) Watson Energy(sr) AD Energy(exp) KS

Fourier Basis Watson Energy(exp) Energy(az) Energy(sr) AD KS

2.2. Empirical study

In this subsection we apply the proposed test statistics to a real
dataset. The dataset is the urban air quality data, which is available at
https://archive.ics.uci.edu/dataset/360/air+quality#.

The dataset was collected in an Italian city, spanning fromMarch 2004 to April 2005,
recorded hourly. It contains 9,358 records, including hourly average concentrations of
carbon monoxide (CO), benzene, and nitrogen oxides.

We mainly consider the CO concentration data. The complete data should have 24
hours of records per day, but there are many missing values in the original data. The
missing degree of CO concentration reaches 18%, which makes it applicable for sparse

10



Two-sample tests for sparse functional data	 125IJMSOR YANG, Qingyue and WANG, Lihong

Figure 3. The empirical sizes and powers of six test statistics for different δ values under setting 4

Figure 4. The empirical sizes and powers of six test statistics for different δ values under setting 5

functional data analysis. One can view the daily CO concentration as a function on
[0, 24] and convert the data into 355 functional data subjects. There are 254 workdays
and 101 weekends in total, based on which we divide the data into two samples.

Figure 5 displays the plots of CO concentration data on workdays and weekends,
respectively. We also calculate the first three functional principal component eigen-
functions based on the entire data and the corresponding principal component scores
for two samples, as shown in Figure 6. It can be seen that the CO concentration on
weekends is slightly lower than that on workdays. Two distinct peaks can be observed
on workdays, corresponding to the rush hours. The peak values over the weekend are
relatively scattered and there is no significant peak.

Now we use the six two-sample testing methods to analyze whether there are signif-
icant differences in the distributions of CO concentration on weekdays and weekends.
The results are shown in Table 8. It can be seen that five tests reject the null hypothe-
sis with small p-values, especially the Cramér-von Mises test statistics have significant
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Figure 5. CO concentration: workday (upper) and weekend (lower)

Figure 6. The first three eigenfunctions (left) and the corresponding FPC scores for two samples (right)
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small p-values. The Energy statistic Eexp is infeasible, as the value of the statistic is
negative infinity. Overall, one can reject the null hypothesis and conclude that the
daily CO concentration has different distributions on weekdays and weekends.

Table 8. Two-sample tests for the CO concentration data

Test p-value statistic value Whether to reject H0

KS 9.08E-11 0.4177 Y

AD 2.07E-28 22.8314 Y

Watson 8.75E-07 0.8530 Y

Energy(sr) 0.001 1.0610 Y

Energy(az) - -Inf -

Energy(exp) 0.001 -0.0002 Y

We further conduct the principal component analysis and estimate the mean func-
tions for two samples, respectively. Figure 7 shows the fitted mean functions of two
samples, and their first three eigenfunctions. It is obvious that the two samples have
different mean functions. Moreover, the CO concentration fluctuates significantly dur-
ing the weekdays, while the changes are more gradual over the weekend.

Table 9. Testing results under different degrees of sparsity

Sparsity 25% 30% 50%

Test p-value reject H0 p-value reject H0 p-value reject H0

KS 1.22E-06 Y 2.01E-06 Y 1.57E-05 Y

AD 3.42E-18 Y 9.50E-18 Y 1.18E-20 Y

Watson 2.89E-06 Y 3.64E-06 Y 1.87E-04 Y

Energy(sr) 0.001 Y 0.001 Y 0.002 Y

Energy(az) 0.001 Y 0.007 Y 0.002 Y

In order to explore the impact of sparsity on the testing results, we artificially
construct sparse data in this example. We define the proportion of missing data as
data sparsity. The sparsity of the original data is 18%. We randomly remove some
data to increase the sparsity to 25%, 40%, and 50%. The corresponding test results
are listed in Table 9. One can see that even when the sparsity reaches 50%, the five test
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Figure 7. The fitted mean functions (left) and the first three eigenfunctions (right) for two samples

statistics still consistently reject the null hypothesis. In general, the above computation
results show that the proposed two-sample tests for sparse functional data are reliable
in practice.

3. Conclusion

In this paper, three Cramer-von Mises statistics and three Energy statistics are pro-
posed for two-sample distribution test of sparse functional data. The test statistics
are constructed based on the non-parametric local linear smoothing method and the
conditional principal component analysis, which are powerful tools for studying sparse
functional data. We conduct simulation studies and real data analysis. The results
indicate that the proposed methods have good performance in controlling both the
first and second types of errors.
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